
Chapter 7.3

Shell Method



Overview
● Shell video

● Finding the height

● Finding the radius

● Radius and height equations

● Choosing dx and dy slices

● Example problem #15 p.392

● Example problem #36 p.392

● Tips and Tricks
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Shell Gifs



Height 

The height vector is parallel to the axis of rotation and 
spans the distance between two lines that bound the 
region
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Radius

The radius is perpendicular to the axis of rotation and 
spans the distance between the axis of rotation and 
one of the lines bounding the shaded region

The radius and height lines intersect at one of the lines 
bounding the region
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Radius & Height Equations

When one of the lines bounding the shaded region is defined by an equation  
and is between the shaded region and either the x or y axis, the equation for 
height or radius will involve more than one equation and or a constant number

If rotated about the line x=2 the 
equation for the radius will be 2-x 



x or y 
When using the shell method, you will always integrate with respect to the 
‘slices’ parallel to the line the region is revolved around. For example, if a 
region is revolved around x=-1, you will integrate with respect to x



Example #15 (pg. 392)
find the volume of the solid that is 
revolved around the y-axis
x=tan((π/4)y)
First graph the function. This will 
help you visualize the shaded region 
that is going to be rotated.
Second determine where the radius 
and height are located on the 
cylinder. Identify the equation of the 
height and radius. Determine whether 
you need to use ∂x or ∂y cylinders. 

hint: to determine between dx or dy cylinders, it is 
helpful to look for whether the y-values are along 
the function or vise versa. Since the cylinder’s 
outskirts follow the x-values, dx cylinders will be 
used.
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Example #15 (cont.)

height: 1-y (see slide 6 for help)

radius: x
note- since we are using ∂x slices, we 
will want all x variables for the height 
and radius equations. Therefor, we 
must solve for y in terms of x.
To solve for y
Rearrange the equation. It should 
look like this in the end... tan⁻¹(x) / (π/4) =y       which can also look like…

4tan⁻¹(x) / π =y
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Example #15 (cont.)

Third once the height and radius are 
found and put in the proper variables, 
they can then be put into the surface 
area equation. 
SA= 2πrh
SA= 2π(x)(1- [4tan⁻¹(x) / π)])
Fourth Since you have the equation, 
now you take the integral of the 
surface area equation in order to get 
the volume of the solid. The integral 
is taken from 0 to 1 because f(x) 
intersects y=1 at x=1. (see red circle)
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Example #15 (cont.)

∫     2π(x)(1- [4tan⁻¹(x) / π)])dx
≈0.858 = 4-π un³
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Example Problem #36 (p.392)
Find the volume of the solid generated 
by revolving the triangular region 
bounded by the lines y=2x, y=0, and 
x=1 about
a. the line x=1

First: just like in example #15, first 
graph the function as it will help you 
determine the height and radii of the 
cylinders, as well as which variable you 
are integrating with respect to.

radius=1-x
height=y=2x



Example #36 (cont.)
Once you’ve determined the height and 
the radius, you can enter them into the 
surface area function

SA= 2π(1-x)(2x)

Then the calculate the integral from x=0 
to x=1 to get the total volume of the 
combined surface areas

∫2π(1-x)(2x)dx= 2.094 or 2π/3
0
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Example #36
b) revolve around x=2
Bounded by y=2x, y=0, x=0
First, graph the function and draw a 
cylinder inside to help visualize

Second, determine the height and
radius based upon your cylinder. In this problem you will be using dx slices this 
means your input values must contain x.
Height: y or 2x
Radius: x or (2-2x) because you must subtract the distance from the origin.
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Example #36
Third, plug radius and height into SA 
equation:
r= (2-2x) h=2x
2 (2-2x)(2x)

Fourth, create the integral going from 0 to 2

∫   2 (2-2x)(2x) dx
Input into calculator

= -16.755

0
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Tips & Tricks
Calculating a definite integral of a solid on a calculator
1. Press ‘Math,’ (I) then ‘9’ for ‘fnInt.’
2. Enter the equation for the integral* (for example:
2π(x^2)(x))
3. Press ‘,’ (II) then enter the variable you’re integrating with 
respect to
4. Press ‘,’ then enter the lower limit, then ‘,’ again and enter 
the upper limit
5. Close the fnInt equation with ‘)’ then press enter

*you can also enter your funtion(s) into ‘y=’ first, then use 
vars(III)-->y-vars-->1:funtions to put them into the fnInt input.
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Tips & Tricks (cont.)

● IMPORTANT EQUATIONS
○ Surface Area (SA) = 2πrh

● Make sure to know the patterns to the unit circle
● Units for volume is cubed! (un^3)
● DON’T FORGET YOUR ‘dx’ or ‘dy’ AT THE END OF YOUR INTEGRAL!


